ABSTRACT A stochastic analysis is used to obtain Maxwell-type constructions for multiple nonequilibrium steady states in homogeneous systems. The stochastic theory shows that homogeneous molecular fluctuations can nucleate the Maxwell construction only on a time scale that is the order of a Poincare recurrence time and indicates that hysteresis should be observed. The nonrelevance of homogeneous fluctuations for systems that undergo phase separation or in which spatial structures occur is discussed.
Multiple nonequilibrium stationary states in molecular systems arise in a number of different applications, ranging from electrical devices (1) to enzyme interaction (2, 3) to systems of coupled chemical reactions far from equilibrium (4) . A common situation, in which macroscopic equations are used to analyze stability, is the following. For a single fluctuating variable, a van der Waals-type loop is obtained when the steady-state value of this variable is plotted as a function of some adjustable parameter ( Fig. 1) . If some other parameter is changed, this loop ultimately degenerates to an inflection point (the critical curve) beyond which only single steady states occur. This macroscopic analysis suggests hysteresis and does not indicate how to perform a "Maxwell-type construction," as is used to determine the actual two-phase equilibrium for a van der Waals gas (5) . For a gas this construction is based on the equality of the chemical potentials in the two phases and is implemented by drawing a straight line such that the areas of the van der Waals loops are equal.
It is the purpose of this note to show how homogeneous molecular fluctuations can be used to obtain a Maxwell-type construction for nonequilibrium systems and to discuss which experimental systems this approach can reasonably be applied to. Mathematically, multiple stationary states often result from the use of homogeneous macroscopic equations to describe the dynamics of a system. For certain types of multiple steady states-such as a marble in a double-minimum well or certain electrical devices-this analysis suffices to describe the physical phenomena. However, for other molecular systems-notably those that develop spatial structure or undergo phase separation-the homogeneous kinetic equations are incapable of giving a complete description of what happens. The theory outlined here is consistent with the level of approximation involved in the homogeneous dynamic equations. Consequently, it will be exact for some systems but only approximate for systems in which spatial structures appear. (6) . This theory deals with the effects of molecular fluctuations and is applicable only to macroscopic systems. For it, the conditional average, X, and conditional deviation (X = X + AX) satisfy dX/dt = R(X;A,B),
[5] [6] in which the form of y is given by its decomposition into the elementary molecular processes causing dissipation in the system (6, 7). The second stochastic treatment uses a stochastic diffusion process for which the single time probability, W(X,t), satisfies the Fokker-Planck equation (8, 9) OW/It + iRW/IX --=0 2 [7] with y given by Eq. 6. These two theories are known (8) to be related, the fluctuation-dissipation theory being the macroscopic limit of the diffusion process in Eq. 7. This is true when molecular fluctuations are being treated because y, the variance of the fluctuations, is proportional to the reciprocal volume, rl', which approaches zero for large systems. Fluctuation-dissipation theory The steady-state distributions for processes satisfying Eqs. [3] [4] [5] [6] have been investigated quite generally (10) . It is known that an arbitrary initial distribution W(X,O) will evolve, after a long time, into the bimodal Gaussian [8] in which fh and fI are the fractions of the initial distribution concentrated on the domains of attraction of the "high X", Xr, and "low X", XI', steady states (see Fig. 1 ). The variance of the Gaussians is given by at = -y(X`')/2OR/OX'. (9] The existence of a bimodal distribution means that, for a macroscopic system, hysteresis can be observed and the steady-state distribution depends on the initial preparation. Such a result is valid, however, only on the time scale T and the steady fractions in the two steady states are fi = DO/(DL + D) and fh = DL/(DL + Dh). [12] Because -y in Eqs. 6 and 9 is proportional to 2-1, the inverse volume, the Gaussians [14] in which X* is the unstable steady state (see Fig. 1 ) and erfc (X) is the complementary error function (11) .
It is easy to estimate the rate at which the steady distribution with steady-state fractions fh and f1 is approached for the single-variable model. From Eq. 9 and the fact that y x Q-1, it follows that the variances aj scale like in which -i is the order of Xs8, away from critical values of A. Consequently, for large Q one may use the asymptotic estimate (11) erfc(z) = r-1/2e-z2/z, to obtain 7 = eR(Teux") Because X88 is a number concentration, £Xss is the order of the number of molecules in the system. In other words, the unique steady state is approached only on a time scale the order of e 10' times longer than the relaxation time for the macroscopic kinetics. This is the same magnitude as a Poincare recurrence time and gives a clearer picture of the hysteresis predicted by the fluctuation-dissipation theory (10) . Related estimates for the nucleation times of multiple steady states have been obtained by using mean first passage times (9, 12, 13) and it should be clear that homogeneous fluctuations will always lead to hysteresis for large systems.
If the limit Q --co is not taken, then Eqs. 13 show that both fh and f1 are nonzero. In fact, their ratio is [11] [15] Fig. 3 . This behavior survives the thermodynamic limit, too, but gives rise to a Maxwell-like construction.
The thermodynamic limit of Eq. 15 depends on the variable X being chosen so that it remains finite in the limit (e.g., X is a concentration or fractional occupancy). As discussed above, for such a variable a is proportional to Q-1, and it is easily verified from Eq. 15 that the limit Q X-c yields iI --. 1 (X* -X18)/(2g)1/2 > (Xr$-X*)/(2rh)h/2 I (X* -X18)/(2ffff)1/2 < (Xr -X*)/(20rh)1/2. [16] This means that in a macroscopic system there is a discontinuous change from pure XI' character to pure Xr character at that value of A = AM satisfying X* (AM) -X18(AM) -(AM) 1 To see what the long time behavior is, Eq. 7 is solved for the steady-state probability density WU8 which satisfies a(RW8. -1 07wu/ox)/ox = 0.
[18]
Use of the property that W and its derivatives vanish at X = o yields 49W8y/OX = 2RWs, which is solved by (1) WS8(X) = Cy'(X) expf2 f [R(y)/,y(y)]dyj, [19] in which C is a normalization constant. For a value of A in the multiple steady-state region, the function R/,y has the shape given in Fig. 4 , because XI' and Xj ' are stable and X* is unstable. This means that the exponent on the right-hand side of Eq. 19 has two maxima, at Xr and Xi', and a minimum at X*. In fact, using the expansion around XI" and XJr R/'y(XI) = (oR/oX1)'y(X88)-' (X -X88) +
gives to dominate order in 0-l a bimodal Gaussian distribution like that obtained from the fluctuation-dissipation theory. This means that for a macroscopic system the functional form depends on the parameter A just as indicated in Fig. 3 . The Maxwell-type construction for the stochastic diffusion is determined by the condition The criterion for the Maxwell construction in Eq. 20 for the stochastic diffusion is different from that in Eq. 17 for the fluctuation-dissipation process. However, both conditions can be interpreted as "equal area" constructions, although not of the usual Maxwell sort. It is clear from Fig. 4 that the equality of the two shaded areas above and below the R/'y curve is equivalent to the stochastic diffusion Maxwell-type construction in Eq. 20. The related equal-area interpretation of the fluctuation-dissipation construction is given by the equality of the tirangulated areas in Fig. 4 . This can be seen by using Eq. 9 and R(X88) = 0 to rewrite Eq. 17 as
Chemistry: Keizer Because O(R/-y)/0X8S is just the slope of R/'y at the steady state, (17) and by preliminary work on the effect of diffusion on chemical instabilities (18) . However, even for these systems the homogeneous Maxwell-type construction and hysteresis may provide a good first approximation to observed effects. This would seem to be the case, for example, in slow laser sweeps in the N02/N204 dimerization system (15) .
The theory presented here can also be applied to true equilibrium phase transitions for which mean field type theories (19) lead to a van der Waals loop. Because the present theory involves homogeneous macroscopic kinetics, it can only describe the average and fluctuations in a phase transition approximately. In order to obtain a complete picture of phase equilibrium, it is necessary to introduce a more microscopic description, such as molecular clusters, or to keep track of the molecular state of the entire system as suggested by Hill (2, 3) and others (20) . When this is done, it is no longer necessary to "equilibrate" the probability distribution between the two homogeneous phases, because the amounts of the two phases can be calculated directly. This should make it clear that the Maxwell-type constructions given above do not reduce to the usual Maxwell construction at equilibriumt and are homogeneous approximations to it.
Finally, there is a class of systems with multiple stationary states for which the present theory is not an approximation. These systems include simple electrical devices in which the two stationary states cannot coexist because gradients are negligible. An example of this is the high-and low-temperature states of a light bulb filament tuned by a rheostat in an external circuit. These states cannot coexist in the filament, and hysteresis is observed because molecular fluctuations cannot cause a transition between the two states.
